Top quark production in the process e + e − → tt at a future linear electron positron collider with polarised beams is a powerful tool to determine indirectly the scale of new physics. The presented study, based on a detailed simulation of the ILD detector concept, assumes a centre-of-mass energy of √ s = 500 GeV and a luminosity of L = 500 fb −1 equality shared between the incoming beam polarisations of P e −,+ = ±0.8, ∓0.3. Events are selected in which the top pair decays semi-leptonically. The study comprises the cross sections, the forwardbackward asymmetry and the slope of the helicity angle asymmetry. The vector, axial vector and tensorial CP conserving couplings are separately determined for the photon and the Z 0 component. The sensitivity to new physics would be dramatically improved with respect to what is expected from LHC for electroweak couplings.
Introduction
The main goal of current and future machines at the energy frontier is to understand the nature of electro-weak symmetry breaking. This symmetry breaking can be generated by the existence of a new strong sector, inspired by QCD, that may manifest itself at energies of around 1 TeV. In all realisations of the new strong sector, as for example Randall-Sundrum models [1] or compositeness models [2] , Standard Model fields would couple to the new sector with a strength that is proportional to their mass. For this and other reasons, the t quark is expected to be a window to any new physics at the TeV energy scale. New physics will modify the electro-weak ttX vertex described in the Standard Model by Vector and Axial vector couplings V and A to the vector bosons X = γ, Z 0 .
Generally speaking, an e + e − linear collider (LC) can measure t quark electroweak couplings at the % level. In contrast to the situation at hadron colliders, the leading-order pair production process e + e − → tt goes directly through the ttZ 0 and ttγ vertices. There is no concurrent QCD production of t quark pairs, which increases greatly the potential for a clean measurement. In the literature there a various ways to describe the current at the ttX vertex. Ref. [3] uses:
(1) with k 2 being the four momentum of the exchanged boson and q and q the four vectors of the t and t quark. Further γ µ with µ = 0, .., 3 are the Dirac matrices describing vector currents and γ 5 = iγ 0 γ 1 γ 2 γ 3 is the Dirac matrix allowing to introduce an axial vector current into the theory Applying the Gordon identity to the vector and axial vector currents in Eq. 1 the parametrisation of the ttX vertex can be written as: 
with s w and c w being the sine and the cosine of the Weinberg angle θ W .
All the expressions above are given at Born level. Throughout the article no attempt will be made to go beyond that level. The coupling F γ 2V is related via F γ 2V = Q t (g − 2)/2 to the anomalous magnetic moment (g − 2) with Q t being the electrical charge of the t quark. The coupling F 2A is related to the dipole moment d = (e/2mt)F 2A (0) that violates the combined Charge and Parity symmetry CP . Due to the γ/Z 0 interference the t pair production is sensitive to the sign of the individual form factors. This is in contrast to couplings of t quarks to γ and Z 0 individually where the form factors enter only quadratically. The authors of [4] use LEP data to set indirect constraints on the electric form factors F Today, the most advanced proposal for a linear collider is the International Linear Collider, ILC [5] , which can operate at centre-of-mass energies between the Z 0 pole to 1 TeV. The ILC provides an ideal environment to measure these couplings. The tt pairs would be copiously produced, several 100,000 events at √ s = 500 GeV for an integrated luminosity of 500 fb −1 . It is possible to almost entirely eliminate the background from other Standard Model processes. The ILC will allow for polarised electron and positron beams. With the use of polarised beams, t and t quarks oriented toward different angular regions in the detector are enriched in left-handed or righthanded t quark helicity [6] . This means that the experiments can independently access the couplings of left-and right-handed chiral parts of the t quark wave function to the Z 0 boson and the photon. In principle, the measurement of the cross section and forward-backward asymmetry A t F B for two different polarisation settings allows extracting both, the photon and Z 0 couplings of the t quark for each helicity state. This study introduces the angle of the decay lepton in semi-leptonic decays of the tt in the rest frame of the t quark. This angle will be called the helicity angle. The slope of the resulting angular distribution is a measure for the fraction of t quarks in left-handed helicity state, t L and right-handed helicity state, t R , in a given sample. There are therefore six independent observables
• The cross section;
• The forward backward asymmetry A t F B ;
• The slope of the distribution of the helicity angle; for two beam polarisations. For the extraction of the six CP conserving form factors defined for the Z 0 and the photon, F 1V , F 1A and F 2V , the following observations have to be taken into account: Close to the tt threshold the observables depend always on the sum F 1V + F 2V . Therefore a full disentangling of the form factors will be imprecise for energies below about 1 TeV. Hence, in the present study either the four form factors F 1V,A are varied simultaneously, while the two F 2V are kept at their Standard Model values or vice versa. Throughout this article the CP violating form factors F X 2A will be kept at their Standard Model values. This article is organised as follows. After this introduction the relations between the observables and the form factors are outlined before the experimental environment and the used data samples will be introduced. After that the selection of semileptonic decays of the tt pair will be presented and the selection efficiencies will be given. The determination of A t F B will be followed by the extraction of the slope of the distribution of the helicity angle. Potential systematic effects from experiment and theory uncertainties will be outlined. Finally the six CP conserving form factors will be extracted as explained above. This study goes therefore beyond earlier studies published in [7, 8] ,
Top quark production at the ILC
The dominant source of top quark production at a 500 GeV e + e − collider is electroweak production. The Born-level diagram is presented in Figure 1 (a).
The decay of the top quarks proceeds predominantly through t → W ± b. The subsequent decays of the W ± bosons to a charged lepton and a neutrino or a quarkanti-quark pair lead to a six-fermion final state. The study presented in this article focuses on the 'lepton+jets' final state l ± νbbq q.
(a) tt pair production (b) Single top production Figure 1 : Four diagrams that contribute to the e + e − → lνbbproduction: (a) Born-level tt pair production, (b) box diagram higher-order contribution to the same process (c) single top production (d) triple gauge boson production.
Several other Standard Model processes give rise to the same final state. The most important source is single-top production through the process e + e − → W W * → W tb → l ± νbbq q. One of the diagrams contributing to this process is presented in Figure 1 (b). Another relevant source is the Z 0 W W production. Due to the coupling of initial state electrons or positrons to to W bosons both sources contribute nearly exclusively in a configuration with left handed polarised electron beams and right handed polarised positron beams.
In that case single-top and Z 0 W W production would yield a production rate of order 10% and 5%, respectively, of that of the pair production diagram of Figure 1(a) . Experimentally, Z 0 W W production can be distinguished rather efficiently from top quark pair production. The separation between single-top production and top quark pair production is much more difficult. At a more fundamental level, interference between these processes renders the separation physically meaningless. A realistic experimental strategy must therefore consider the six-fermion production process e + e − → l ± νbbq q.
Observables and Form Factors
According to [9] , the cross section for any process in e + e − collisions in case of polarised beams can be written as
In this equation the symbols − and + indicate full polarisation of the incoming beams with electrons and positrons of left-handed, L, or right-handed, R, helicity, respectively. The configurations σ −,− and σ +,+ have been neglected due to helicity conservation at the electron vertex in the high energy limit. The degree of polarisation of the incoming beams is expressed by P, for electrons, and P , for positrons.
In case of polarised beams Ref. [10] suggests to express the form factors introduced in Sec. 1 in terms of the helicity of the incoming electrons,
with i = 1, 2 and j = V, A and m Z being the mass of the Z 0 boson. The Born cross section for tt quark production for electron beam polarisation I = L, R reads
where A = 4πα 2 3s
with the running electromagnetic coupling α(s) and N c is the number of quark colours. Furthermore γ and β are the Lorentz factor and the velocity, respectively. The term F I 1A = βF I 1A describes the reduced sensitivity to axial vector couplings near the tt production threshold. The cross sections at the Born level of the signal process e + e − → tt and the main Standard Model background processes at a centre-of-mass energy of 500 GeV are summarised in Table 1 The forward-backward asymmetry A t F B can be expressed as 
The values expected in the Standard Model are (F R ) L = 0.25 and (F R ) R = 0.76. The Eq. 9 contains a CP violating term proportional to Re(F I 2A ). This term will not be determined in the present study but can also be precisely estimated using CP violating observables, see later in Tab. 5. This implies that CP conserving form factors can be fully disentangled without the assumption of CP conservation.
Theory uncertainties
The extraction of form factors requires precise predictions of the inclusive top quark pair production rate and of several differential distributions. In this section the state-of-the-art calculations and estimate theoretical uncertainties are briefly reviewed.
The QCD corrections to e + e − → tt production are known up to N 3 LO for the inclusive cross section [11] , and to N N LO for the forward backward asymmetry A F B [12] . The perturbative series shows good convergence. In Figure 2 (a) the LO, N LO, N N LO and N 3 LO predictions for the ratio R(s) of the total cross section for e + e − → tt to that for massless fermion pair production are shown in the centre-ofmass energy range around 500 GeV. The maximum variation (in %) in the cross section prediction due to alternative choices for the renormalisation scale: µ = 2 √ s. These figures present a compilation of results reported in References [11, 13, 12] .
The N 3 LO correction to the total cross-section is below 1 %. An estimate of the size of the next order -obtained from the conventional variation of the renormalisation scale by a factor two and one half -yields 0.3 %. It can therefore be concluded that the uncertainty of today's state-of-the-art calculations is at the per mil level.
In a similar manner the QCD corrections to the prediction of differential distri-butions and quantities such as the forward-backward asymmetry can be estimated. The size of the N 3 LO correction to A F B is estimated using the scale variation to be smaller than 1%, see also the discussion in e.g. [12] .
Electro-weak (EW) corrections to the same process have also been calculated. A full one-loop calculation is presented in Reference [14] . The correction to the total cross section is found to be approximately 5%. The EW correction to the forwardbackward asymmetry is large, approximately 10% [14, 15] .
The above discussion refers to corrections to the process e + e − → tt. Further corrections of order Γ t /m t ∼ 1% are expected to appear if the decay of the top quarks is included in the calculation.
It can be concluded that the state-of-the-art calculations of QCD corrections offer the precision required for this study. Uncertainties are under relatively good control, with uncertainties to the cross section of the order of a few per mil and order 1% on the forward-backward asymmetry. Electro-weak (one-loop) corrections are large. Further work is needed to estimate the size of the two-loop correction and, ultimately, to calculate this contribution. Currently these aspects are discussed with theory groups.
Experimental environment and data samples
The International Linear Collider is a project for a linear electron-positron accelerator reaching a centre-of-mass energy of up to 1 TeV. For a detailed description of the machine the reader is referred to [5] . For the studies presented in this article it is important to emphasise that the machine can deliver polarised electron and positron beams. At a centre-of-mass energy of √ s = 500 GeV the envisaged degree of polarisation is 80% in case of electrons and 30% in case of positrons.
The ILD detector is designed as a detector for Particle Flow. This means that the jet energy measurement is based on the measurement of individual particles [16] . A detailed description of the current model of the ILD detector can be found elsewhere [5] . The z-axis of the right handed co-ordinate system is given by the direction of the incoming electron beam. Polar angles given in this note are defined with respect to this axis. The most important sub-detectors for this study are described in the following.
• The vertex detector consists of three double layers of silicon extending between 16 mm and 60 mm in radius and between 62.5 mm and 125 mm in z direction. It is designed for an impact parameter resolution of σ rφ = σ rz = 5 ⊕ 10/(psin 3 2 θ) µm.
• The measurement of charged tracks is supported by an inner Silicon Tracker (SIT) in the central region and by a set of silicon disks in forward direction, i.e. towards large absolute values of cosθ.
• The ILD detector contains a large Time Projection Chamber (TPC) with an inner sensitive radius of 395 mm and an outer sensitive radius of 1743 mm. The half length in z is 2250 mm. Recent simulation studies confirm that the momentum of charged particle tracks can be measured to a precision of δ(1/P T ) ∼ 2 × 10 −5 GeV −1 . Here P T denotes the transverse component of the three momentum P of the particles.
• The electromagnetic calorimeter is a SiW sampling calorimeter. Its longitudinal depths of 24 X 0 allows for the complete absorption of photons with energies of up to 50 GeV as relevant for the studies here. The simulated energy resolution of the electromagnetic calorimeter is
• The hadronic calorimeter surrounds the electromagnetic calorimeter and comprises 4.5 interaction length λ I .
Two proposals exist for the hadronic calorimeter. A semi-digital variant consisting of steel absorbers and gas RPC chambers with a pixel size of 1 × 1 cm 2 as active material. The second one features scintillating tiles with size of 3 × 3 cm 2 as active material. The latter option is employed in the present work.
Simulation studies show that the high precision tracking together with the highly granular calorimeters allow for achieving a jet energy resolution of 3-4% for jet energies up to 1.5 TeV [5, 17] .
Event generation and technical remarks
Signal and background events are generated with version 1.95 of the WHIZARD event generator [18, 19] in the form of six for the signal, or two and four fermion final states for Standard Model background. The most relevant background contributions are the W W and bb final states as well as fully hadronic and fully leptonic decays of tt pairs. The generated events are then passed to the PYTHIA simulation program to generate parton showers and subsequent hadronisation. In case of the signal sample events are flagged for which the difference between the invariant masses of the three fermion systems forming a top from WHIZARD and the input t mass to WHIZARD of 174 GeV is smaller than 5Γ t . Here Γ t is the total decay width of the t quark. By this only about 70% of the events generated by WHIZARD are recognised as tt events and treated accordingly by PYTHIA. The different hadronisation of genuine tt events may introduce a systematic uncertainty, which will have to be estimated at a later stage. It is however expected to be reasonable small.
The study has been carried out on a fully polarised sample. Realistic values of the beam polarisations at the ILC at √ s = 500 GeV are however P, P = ±0.8, ∓0.3. The cross section and therefore its uncertainty scales with the polarisation according to Eq. 5. The observables A t F B and λ t vary only very mildly with the beam polarisation. Again, the reduced cross section leads to a higher statistical error for non-fully polarised beams. This will be correctly taken into account in the uncertainty of the results.
Events corresponding to a luminosity of 250 fb −1 for each of the polarisation configurations were subject to a full simulation of the ILD detector and subsequent event reconstruction using the version ILD o1 v05 of the ILC software.
Event selection
The analysis starts out from the studies presented in detail in [20] . The produced t(t)-quark decays almost exclusively in to a bW pair. The b quark hadronises giving rise to a jet. The W boson can decay hadronically into light quarks, which turn into jets, or leptonically into a pair composed by a charged lepton and a neutrino. The semi-leptonic process is defined by events in which one W decays hadronically while the other one decays leptonically, i.e.
In the Standard Model the fraction of semi-leptonic final states in e + e − → tt is about 43%.
A number of processes known collectively as multi-peripheral γγ →hadrons production yield a small number of additional particles (typically 1.7 low-multiplicity events per bunch crossing for the ILC). The polar angle distribution of these particles is markedly forward. Particles from γγ →hadrons tend to be harder and can reach the outer layers of the detector and affect the overall detector performance, in particular jet reconstruction. These particles are similar to beam remnants as present in hadron collisions. It is therefore intuitive to employ a jet algorithm used in hadron collisions that separate the beam jet from the hard interaction. In the present study the best results are obtained with the the longitudinally invariant k t algorithm [21, 22] . This is demonstrated in Fig. 3 . The figure shows the reconstructed polar angle distribution of the hadronically decaying W boson from tbar pairs compared with the generated distribution. The result is shown for the "traditional" Durham [23] algorithm and for the longitudinally invariant k t algorithm with a jet radius of R = 1.5. The improvement achieved by the longitudinally invariant k t algorithm is obvious. After the removal of the γγ →hadrons background the event is processed further with the Durham algorithm. Further beam induced background such as electron-positron pairs have not been studied in the present article but a detailed study presented in [24] demonstrates that the induced number of background hits in the vertex detector and the TPC as well as the related neutron fluxes are uncritical for the detector performance.
The charged lepton allows for the determination of the t quark charge. The t quark mass is reconstructed from the hadronically decaying W which is combined with one of the b-quark jets. In general leptons are identified using typical selection criteria. The lepton from the W boson decay is either the most energetic particle in a jet or has a sizable transverse momentum w.r.t. neighboured jets. More specific the following criteria are applied
where E lepton is the energy and p T,lepton the transverse momentum of the lepton within a jet with energy E jet and mass M jet . The decay lepton in case of e and µ can be identified with an efficiency of about 85%, where the selection has a tendency to reject low momentum leptons. The τ leptons can decay themselves into e or µ, which are collinear with the produced τ but have lower momentum than primary decay leptons. Taking into account the τ leptons, the efficiency to identify the decay lepton is about 70%.
The identified lepton is removed from the list of reconstructed particles and the remaining final state is again clustered into four jets. Two of these must be identified as being produced by the b-quarks of the t quark decay. The b-likeness or b-tag is determined with the LCFIPlus package, which uses information of the tracking system as input. Secondary vertices in the event are analysed by means of the jet mass, the decay length and the particle multiplicity. The jets with the highest b-tag values are selected. As shown in Fig. 4 These values are nearly independent of the polar angle of the b quark jet but drop towards the acceptance limits of the detector. Finally, the two remaining jets are associated with the decay products of the W boson. The signal is reconstructed by choosing that combination of b quark jet and W boson that minimises the following equation:
In this equation m cand. and E cand. are invariant mass and energy of the t quark candidate decaying hadronically, respectively, and m t and E beam are input t mass and the beam energy of 250 GeV. Beyond that it introduces the momentum of the b quark jet in the centre-of-mass frame of the t quark, p * b , which has a defined value of 68 GeV, and the angle between the b quark and the W boson. The measured values are compared with the expected ones and the denominator is the width of the measured distributions. Distribution of latter two observables are shown in Fig. 5 . Note, that the figure shows separately good and badly reconstructed events. This is explained in Sec. 6. Further cuts on jet thrust T < 0.9 and on the hadronic mass of the final state 180 < m had. < 420 GeV are applied. In addition the mass windows for the reconstructed W -boson and t-quark are chosen to 50 < m W < 250 GeV and 120 < m t < 270 GeV. The entire selection retains 54.4% signal events for the configuration P, P = −0.8, +0.3 and 55.9% for the configuration P, P = +0.8, −0.3. The fraction of (distinguishable) background events in the final sample is between 7.2% for P, P = +0.8, −0.3 and 9% for P, P = −0.8, +0.3. This background is predominantly composed by events from non-semileptonic decays of the tt pair.
Taking into account the determined efficiencies and using the born level cross given section in Table 1 together with Eq. 5 a statistical uncertainty of 0.47% in case of an initial left handed electron beam and 0.63% in case of a right handed electron beam can be estimated. In reality these number may be somewhat worse given the fact that in particular for eL the generated sample is contaminated by single top events.
Measurement of the forward backward asymmetry
For the determination of the forward-backward asymmetry A t F B , the number of events in the hemispheres of the detector w.r.t. the polar angle θ of the t quark is counted, i.e.
Here, the polar angle of the t quark is calculated from the decay products in the hadronic decay branch. The measurement of cosθ depends on the correct association of the b quarks to the jets of the hadronic b quark decays. The analysis is carried out separately for a left-handed polarised electron beam and for a right handed polarised beam. Therefore, two different situations have to be distinguished, see also • In case of a right-handed electron beam the sample is expected to be enriched with t-quarks with right-handed helicity [6] . Due to the V − A structure of the standard model an energetic W boson is emitted into the flight direction of the t-quark. The W boson decays into two energetic jets. The b quark from the decay of the t quark are comparatively soft. Therefore, the direction of the t quark is essentially reconstructed from the direction of the energetic jets from the W boson decay. This scenario is thus insensitive towards a wrong association of the jet from the b quark decay to the jets from the W boson decay
• In case of a left-handed electron beam the sample is enriched with t quarks with left-handed helicity. In this case the W boson is emitted opposite to the flight-direction of the t quark and gains therefore only little kinetic energy. In fact for a centre-of-mass energy of 500 GeV the W boson is nearly at rest. On the other hand the b quarks are very energetic and will therefore dominate the reconstruction of the polar angle of the t quark. In this case a wrong association of the jets from the W boson decay with that from the b quark can flip the reconstructed polar angle by π giving rise to migrations in the polar angle distribution of the t quark.
The explanations above apply correspondingly to polarised positron beams and tquarks. q Figure 6 : In case of a t R decay, the jets from the W dominate the reconstruction of the polar angle of the t quark. In case of a t L the W is practically at rest and jets from the b quark dominate the and reconstruction of the polar angle of the t quark.
The described scenarios are encountered as shown in Figure 7 . First, the reconstructed spectrum of polar angles of the t quark in the case of right handed electron beams is in reasonable agreement with the generated one. On the other hand the reconstruction of cos θ t in case of left-handed t quarks suffers from considerable migrations. As discussed, the migrations are caused by a wrong association of jets stemming from b quarks to jets stemming from W decays. This implies that the reconstruction of observables will get deteriorated. This implication motivates to restrict the determination of A t F B in case of P, P = −1, +1 to cleanly reconstructed events as already studied previously in [25, 26] . The quality of the reconstructed events is estimated by the following quantity
The observables p * b and cosθ bW have already been introduced in Sec. 5. The defined χ 2 comprises in addition the Lorentz factor γ t = E t /M t of the final state t quark, which is shown in Figure 8 . The correct association of the of jets from b quarks to that from W bosons is checked with the MC truth information. Events in which this association went wrong, labelled as bad combination in Figs. 5 and 8, lead to a distorted distribution in these observables. For χ 2 < 15 the reconstructed spectrum agrees very well with the generated one. For this cut on χ 2 , the reconstruction efficiency is 28.5%. Fig. 9 demonstrates the improved agreement between the reconstructed and generated direction of the t quark direction in case P, P = −1, +1. It shows also that the residual Standard Model background is very small, e.g. less than 2% in case of P = −1, +1 prone to be more affected by the background. The forward-backward asymmetry A t F B can be derived from these angular distributions.
Gamma
The numerical results are given in Tab. 2 and compared with the generated value. The statistical error is corrected for the realistic beam polarisations P, P = ±0.8, ∓0.3. It shows that for the standard luminosity statistical precisions of better than 2% can be expected. When selecting well reconstructed events the systematic Model background compared with the prediction by the event generator WHIZARD after the application of a on χ 2 < 15 for the beam polarisations P, P = −1, +1 as explained in the text. Note that no correction is applied for the beam polarisations P, P = +1, −1 error due to the ambiguities is expected to be significantly smaller than the statistical error.
0.339 0.326 1.8 (for P, P = −0.8, +0.3) +1, −1 0.432 0.420 1.3 (for P, P = +0.8, −0.3) 
Determination of the slope of the helicity angle distribution
The helicity approach has been suggested for top studies at Tevatron [27] . In the rest system of the t quark, the angle of the lepton from the W boson is distributed like:
This angular distribution is therefore linear and very contrasted between t L and t R .
In practice there will be a mixture of t R and t L (beware that here L and R mean left and right handed helicities) and λ t will have a value between -1 and +1 depending on the composition of the t quark sample.
According to [27] , the angle θ hel is measured in the rest frame of the t quark with the z-axis defined by the direction of motion of the t quark in the laboratory. As discussed in [6] this definition of θ hel is not unique but some detailed investigations not reproduced in this note have shown that the choice of [27] seems optimal. The observable cosθ hel is computed from the momentum of the t quark decaying semileptonically into a lepton, a b quark and a neutrino. If initial state radiation effects (with the photon lost in the beam pipe) are neglected, one can simply assume energy momentum conservation. This, by means of the energy-momentum of the t quark decaying hadronically, allows for deducing the energy-momentum of the t quark decaying semi-leptonically. A Lorentz transformation boosts the lepton into the rest system of the t quark. This should give a very precise knowledge of cosθ hel . To determine the helicity angle only the angle of the lepton needs to be known. For the leptonic decays of the τ lepton, which significantly contribute to this analysis (10-15%), the charged lepton and the τ lepton are approximately collinear and therefore the method remains valid.
Analysis of the helicity angle distribution
Based on the selection introduced in Sec. 5 the angular distribution of the decay lepton in the rest frame of the t quark is shown in Fig. 10 together with the residual Standard Model background for fully polarised beams. The background is small relative to the signal and to a good approximation flat. It has therefore only a minor influence on the slope of the signal distribution and will be neglected in the following.
The distribution exhibits a drop in reconstructed events towards cosθ hel = −1. This drop can be explained by the event selection which suppresses leptons with small energies. Outside this region and in contrast to e.g. the forward-backward asymmetry the reconstructed angular distribution agrees very well with the generated one. This means that this observable suffers much less from the migration effect described in Sec. 6. It is therefore not necessary to tighten the selection in the same way as for A t F B . The reason for the bigger robustness of the angular distribution can be explained by kinematics.
As outlined in Sec. 6 the migrations described there are provoked mainly by lon- gitudinally polarised, soft W bosons from the decay of left handed t quarks. The W L boson decay proportional to sin 2 θ. Therefore any boost into the rest frame of the top leads predominantly to leptons with cosθ hel < 0.
The parameter λ t can be derived from the slope of the helicity angle distribution that is obtained by a fit to the linear part of the angular distribution in the range cosθ hel = [−0.6, 0.9] for P, P = −1, +1 and cosθ hel = [−0.9, 0.9] for P, P = +1, −1 The results are summarised in Table 3 for the two initial beam polarisations P = ±1 and P = ∓1 and the statistical error is given for P, P = ∓0.8, ±0.3. The results are compared with the values of λ t as obtained for the generated sample. A quarter of the shift between the generated and the reconstructed value is taken into account for the systematic error of the measurement. The result changes by about 1% when changing the fit range to cosθ hel = [(−0.4, 0.5), 0.9] for P, P = −1, +1. The errors on the slope from the variation of the fit range and that from the difference between generated and reconstructed slope are added in quadrature.
(δλ t ) syst. for P, P = ∓0.8, ±0.3 −1, +1 -0.484 -0.437 0.011 0.013 +1, −1 0.547 0.534 0.013 0.006 Table 3 : Results on λ t derived from the slope of the helicity angle distribution with errors for different beam polarisations at the ILC.
Discussion of systematic uncertainties
In the previous sections measurements of either cross sections or asymmetries have been presented. This section makes an attempt to identify and quantify systematic uncertainties, which may influence the precision measurements.
• Luminosity: The luminosity is a critical parameter for cross section measurements only. The luminosity can be controlled to 0.1% [28] .
• Polarisation: The polarisation is a critical parameter for all analyses. It enters directly the cross section measurements. The studies for the DBD using W pair production [29] lead to an uncertainty of 0.1% for the polarisation of the electron beam and to an uncertainty of 0.35% for the polarisation of the positron beam. This translates into an uncertainty of 0.25% on the cross section for P, P = −0.8, +0.3 and 0.18% on the cross section for P, P = +0.8, −0.3 The uncertainty on the polarisation can be neglected with respect to the statistical uncertainty for A t F B and λ t .
• Beamstrahlung and beam energy spread: The mutual influence of the electromagnetic fields of the colliding bunches provokes radiation of photons known as Beamstrahlung. This Beamstrahlung modulates the luminosity spectrum, i.e. moves particles from the nominal energy to smaller energies. At the ILC for centre-about 60% of the particles are expected to have 99% or more of the nominal energy [5] . The beam energy spread, i.e. the RMS of this main luminosity peak is 124 MeV for the electron beam and 70 MeV for the positron beam [5] . Both effects play a role at the tt threshold [30] and can be neglected at energies well above this threshold.
• Experimental uncertainties in top quark reconstruction: It has been shown in Sec. 6 that migrations have to be taken into account for the measurement of A t F B , in particular for the polarisations P, P = −0.8, +0.3. These migrations are reduced by stringent requirements on the event selection using a χ 2 analysis. This in turn leads to a penalty in the efficiency. The success of the method depends in addition on a very sharp measurement of the variables used for the χ 2 analysis. We expect that these ambiguities can be (partially) eliminated by an event-by-event determination of the charge of the b quark from the t decay.
• Other experimental effects: There is a number of other experimental effects such as acceptance, uncertainties of the b tagging or the influence of passive detector material. The LEP experiments quote a systematic uncertainty on R b of 0.2% a value which may serve as a guide line for values to be expected at the ILC, which on the other hand will benefit from far superior detector resolution and b tagging capabilities.
• Theory: The uncertainties of today's state-of-the-art calculations is discussed in Section 3. The uncertainties in the QCD corrections to the total cross section and A F B are of the same order as the experimental uncertainties. Two-loop electro-weak corrections are required to perform the extraction.
• Single-top production: Single top production at the LC in association with a W boson and bottom quark (through W W * production) leads to the same final state as t quark pair production. It forms a sizable contribution to the sixfermion final state and must be taken into account in a realistic experimental strategy. This is left for a future study.
• Beyond Standard Model Physics: Possible BSM effects may affect the various components of the background, in particular the tt induced background. This will therefore require a careful iterative procedure with tuning of our generators. This procedure seems feasible without a significant loss of accuracy.
As a summary it can be concluded that the total systematic uncertainties will not exceed the statistical uncertainties. This, however, requires an excellent control of a number of experimental quantities on which the results depend.
Precision of Form Factors
The results on the reconstruction efficiency, A t F B and λ t presented in the previous sections are transformed into precisions on the form factors F i . The results are summarised in Table 4 and Figure 11 and are compared with results of earlier studies for a linear e + e − collider as published in the TESLA TDR [8] as well as with precisions obtained in a simulation study for the LHC. Note, that in the LHC and TESLA studies only one form factor was varied at a time while in the present study two or four form factors are varied simultaneously, see Sec. 1. From the comparison of the numbers it is justified to assume that the measurements at an electron positron collider lead to a spectacular improvement and thanks to the γ/Z 0 interference a e + e − collider can fix the sign the form factors. At the LHC the t quark couples either to the photon or to the Z 0 . In that case the cross section is proportional to e.g. be obtained at the LHC are to be revisited in the light of the real LHC data. A first result on associated production of vector boson and tt pairs is published in [31] .
For completeness, Tab. 5 compares sensitivities obtained in the mentioned simulation study for the LHC with the results from the TESLA TDR [8] for CP violating form factors not calculated in the present study.
The expected high precision at a linear e + e − collider allow for a profound discussion of effects of new physics. The findings can be confronted with predictions in the framework of Randall-Sundrum models and/or compositeness models such as [2, 32, 33, 34, 35, 36] or Little Higgs models as e.g. [37] . All these models entail deviations from the Standard Model values of the t quark couplings to the Z 0 boson that will be measurable at the ILC. The interpretation of the results presented in this article in terms of the cited and maybe other models is in preparation and left for a future publication. Comments and contributions from theory groups are highly welcome.
Summary and outlook
This article presents a comprehensive analysis of tt quark production using the semi-leptonic decay channel. Results are given for a centre-of-mass energy of √ s = Comparison of statistical precisions on CP conserving form factors expected at the LHC, taken from [3] and at the ILC. The LHC results assume an integrated luminosity of L = 300 fb −1 . The results for ILC assume an integrated luminosity of L = 500 fb −1 at √ s = 500 GeV and a beam polarisation P = ±0.8, P = ∓0.3. Table 5 : Sensitivities achievable at 68.3% CL for the top quark magnetic and electric dipole form factors F V 2A defined in Eq. 1, at the LHC and at for a linear e + e − collider as published in the TESLA TDR [8] . The assumed luminosity samples and, for TESLA, beam polarisation, are indicated. In the LHC study and in the TESLA study only one coupling at a time is allowed to deviate from its Standard Model value. The sensitivities are based on statistical errors only 500 GeV and an integrated luminosity of L = 500 fb −1 shared equally between the beam polarisations. P = ±0.8 and P = ∓0.3.
Semi-leptonic events, including those with τ leptons in the final state can be selected with an efficiency of about 55%. The cross section of the semi-leptonic channel of tt quark production can therefore be measured to a statistical precision of about 0.5%. The second observable is the forward-backward asymmetry A t F B . It was shown that in particular for predominantly left handed polarisation of the initial electron beam the V − A structure leads to migrations, which distort the theoretical expected A t F B . These migrations can be remedied by tightening the selection criteria of the events. Taking into account this correction the forward-backward asymmetry can be determined to a precision of better than 2% for both beam polarisations. Finally, the study introduced the slope of the helicity angle distribution, which is a new observable for ILC studies. This observable measures the fraction of t quarks of a given helicity in the event sample. This variable is very robust against e.g. the migration effects and can be measured to a precision of about 4%.
The observables together with the unique feature of the ILC to provide polarised beams allow for a largely unbiased disentangling of the individual couplings of the t quark to the Z 0 boson and the photon. These couplings can be measured with high precision at the ILC and, when referring to the results in [3] , always more than one order of magnitude better than it will be possible at the LHC with L = 300 fb −1 . A study of form factors using real LHC data is however eagerly awaited.
The precision as obtained in the present study for the ILC would allow for the verification of a great number of models for physics beyond the Standard Model.
Examples for these models are extra dimensions and compositeness. The results obtained here constitute therefore a perfect basis for discussions with theoretical groups. In extension of [8] a future analysis will disentangle the CP violating form factors.
It has to be noted that the results contain only partially experimental systematical errors. These will have to be estimated in future studies. From the achieved precision it is mandatory that systematics are controlled to the 1% level or better in particular for the measurement of the cross section.
